We generate simulated holograms for low energy electron point source (LEEPS) microscopy. For a given object (atomic cluster) we construct a number of different holograms by varying the position or the orientation of the object relative to the screen. We then compare the three-dimensional structures of the reconstructions obtained from these holograms using methods developed and reported in previous works. In this investigation, we focus on clusters for which multiple scattering must be taken into account. We report results for bcc-type clusters, a spiral configuration, and some random arrangements. We find that the methods employed give vastly improved reconstructions even when multiple scattering is important.
Introduction
In low energy electron point source (LEEPS) microscopy, electrons emerging from a "point" source scatter elastically off an object and interfere with unscattered electrons at a screen, thus creating an electron hologram. The source to object distance is typically 1000 Å, while the source to screen distance is typically 10 cm. In most theoretical LEEPS studies, one begins with a large screen size, typically 14 cm × 14 cm.
The electrons can undergo multiple scattering within the object (atomic cluster) before reaching the screen. In many cases, one can obtain good results by using the single-scattering approximation. There are, however, cases where multiple scattering must be taken into account to obtain physically reliable holograms and reconstructions.
In previous works [1, 2] , we investigated multiple scattering in LEEPS. The original theoretical treatment was done by Kreuzer et al. [3] . In ref. 1 , we showed that in many cases single-and multiplescattering treatments give almost exactly the same reconstructions. In a subsequent investigation [2] , we extended our methods so that we could study rather large clusters. For these larger clusters, we found important differences between single and multiple scattering. For example, taking multiple scattering into account for a 208 atom bcc-type carbon cluster (see below) resulted in reconstructions that failed to reveal the true atomic structure of the cluster. The implications for experimental work are important: if one cannot obtain atomic resolution in a theoretical study using a screen that is much larger than the screen sizes employed experimentally, one cannot expect to discern the atomic structure of such a cluster from an experimentally generated hologram, because multiple-scattering effects will be recorded experimentally.
The principal objective of this paper is to show that methods we have developed in other previous works [4, 5] , for improving reconstructions when the single-scattering approximation is used, will also give improved reconstructions for cases where multiple scattering must be taken into account. These methods involve generating a few different holograms for the object situated in different positions, or in different orientations, relative to the source and the screen. Full details were given in our previous works [4, 5] but are briefly spelled out here for the convenience of the reader.
We will show that these methods suffice to give clear and complete atomic resolution in many cases where a single hologram gives a severely inadequate picture of the underlying atomic structure. In this paper, because multiple scattering provides a greater challenge, we have had to develop additional ideas and methods to obtain atomic resolution.
Discussions of related works by other researchers were given in our previous works [1, 2, 4, 5] . Our work is motivated by the need for improvements in both experimental and theoretical LEEPS microscopy. Our ongoing objective is to continue to develop methods that will give improved reconstructions in theoretical LEEPS using simulated holograms. A further goal is to discover techniques that will ultimately be used to identify experimentally specific atomic structures of interesting samples.
In another paper [6] , we work toward these objectives by exploring a different problem in LEEPS, one where multiple scattering is not a central issue, and instead the limitations due to small-screen sizes are explored. In that work, we develop methods that give improved reconstruction by combining different holograms for a small screen, but the method of combining the different holograms in that paper is markedly different from those used in this paper on multiple scattering.
Multiple scattering
The theory of electron holography uses a scattering approach based on the Lippmann-Schwinger equation [7] . One models the electron source as emitting a wave of spherical symmetry. The scattering wave function for a spherical incoming wave can then be written as
wherẽ
where the Y lm are spherical harmonics, r i locates the ith atom, k = 2π/λ = √ 2mE/ is the wave number of the electrons of wavelength λ and energy E, and δ l (E) is the phase shift for the scattering of an electron with angular momentum l and energy E off an atom in the solid. (The phase shifts can be obtained from LEED theory. 2 ) Multiple scattering enters the scattering wave function (2) via the structure factor. The equation for the structure factor can be written as an inhomogeneous matrix equation. Let F denote a column vector whose transpose is given by
consisting of all structure factors for all relevant partial waves (up to L) at all N s atomic positions. The matrix equation for F is
or
where is a column vector with components
and M is a matrix with zeros along its diagonal and with off-diagonal components given by
We found in our previous work that, in most cases of interest, it turns out that the iterative method, (6) is the simplest and quickest means of obtaining a solution [1, 2] . We also showed [1] that the straightforward iteration procedure produces sufficient convergence.
Simulation of images
From the wave function (1) one calculates the image on a screen a distance L away aŝ
where we have assumed a spherical incoming wave for simplicity. The factor L/r is required because the image intensity is given by the flux of electrons arriving at the screen and not by their probability density. One usually subtracts the background flux from (9) to get
Reconstruction
At the time of proposing holography with point sources Gabor also suggested a scheme to reconstruct the three-dimensional object wave front from a two-dimensional hologram. It is based on the KirchhoffHelmholtz transform
where the integration extends over the two-dimensional surface of the screen with coordinates ξ = (X, Y, L), a distance L from the source. We emphasize that the use of (11) is required in theoretical LEEPS microscopy, as we have spherical waves incident on a flat screen, unlike various other holographies, wherein (almost) plane waves arrive at a flat screen and a Fourier transform can be used (see ref. 4 for full discussion).
Reconstructions of selected shifted and rotated clusters.
To obtain the best possible reconstruction, we combine several techniques that we have developed in previous works [4, 5] . These techniques rely on the difference in the position of the spurious peaks, relative to the atomic peaks and each other, in reconstructions of clusters that have been rotated or laterally shifted relative to the screen, as described below.
We first define the coordinate system. The z-axis is defined to be the line extending from the point source through the center of the undisplaced cluster, and terminating at the center of the screen; it is coincident with the optical axis. The x-and y-axes are mutually perpendicular to the z-axis. We define the point source to be the origin of the coordinate system.
The screen is located 10 cm away from the source and is 14 cm × 14 cm for most of the work presented here. We also explore the effect of screen size on the quality of reconstruction in this work. Results obtained from smaller screens will be noted. The source-side face of the undisplaced and unrotated cluster is located at z = 1000 Å.
We obtain several holograms of the cluster in various selected positions. These typically include holograms of the undisplaced and unrotated cluster, the cluster in three different laterally shifted positions, and the cluster rotated about an axis passing through the cluster. The reconstruction for the first case we denote by K o (r). The lateral shifts are typically on the order of 125 to 250 Å in the −x direction and −y direction, as well as a double shift of a similar but smaller distance in both +x and +y directions. We denote these reconstructions as K x (r), K y (r), and K xy (r), respectively. Rotations are about an axis passing through the first layer of the cluster, parallel to the screen, through an angle of 20 to 25 o . The rotated reconstructions are indicated by K φ (r).
We perform reconstructions in two dimensions and three dimensions at discrete points in the vicinity of the cluster. For example, in a two-dimensional reconstruction, we reconstruct in a small rectangle dA = dx × dy, where the values of dx and dy are on the order of 0.1 Å. Similarly, in three dimensions, we reconstruct tiny volume elements to obtain the overall reconstruction.
Combining selected reconstructions
We used three primary means of manipulating or "filtering" various reconstructions in three dimensions to obtain a final result that shows all or almost all of the atomic peaks with few or no spurious peaks remaining. The three-dimensional methods allow us to determine the overall structure of a cluster. We also use two-dimensional analogues of these processes to examine specific planes of interest.
These techniques include the "comparative" method, the "multiplicative" method, and the averaging of two or more reconstructions. These techniques are outlined in detail below.
Three-dimensional methods
The "comparative" method simply involves determining how closely the peaks match between three different reconstructions. We developed this method to examine reconstructions of holograms obtained via the single-scattering approximation and found that it gave excellent results [4] . The full discussion of this method can be found in ref. 4 , but we briefly outline it here for the convenience of the reader.
i We first take three reconstructions and renormalize each of them to the highest value of |K(r)| found within each. These three reconstructions typically include K o (r) or an average reconstruc-tion that contains the atoms in their proper locations and two displaced reconstructions. This discussion will assume the presence of K o (r).
ii The reconstructions are then "filtered" for noise. That is, each point which has a |K(r)| value of less than a threshold value t n is set to 0. This has the effect of removing from further consideration, any peak or maxima with a low magnitude or "height".
iii We then search each reconstruction for peaks, or local maxima, saving the spatial location and height (i.e., |K(r)|) of each.
iv We then associate each peak in K o (r) with the nearest peak from each of the other two reconstructions.
v We then calculate the perimeter of each set of peaks. If the perimeter is smaller than a given threshold P in , then the undisplaced peak (from K o (r)) is retained without further testing.
vi If the value of the perimeter lies between P in and a larger P out then the ratio of the smallest peak in the trio to the largest is determined. If that value is larger than a threshold value, h t , then the undisplaced peak is retained.
vii Those peaks passing the tests in steps (v) and (vi) are reported, i.e., included, in the final result.
We developed a "multiplicative" method in a later paper [5] that we found to be as effective as the comparative method outlined above. This method again requires three distinct reconstructions.
(1) The reconstructions are individually renormalized and filtered for noise as above.
(2) We then multiply corresponding elements from each of the reconstructions together to obtain a new K(r). This technique works because only those peaks with good overlap in all three reconstructions survive to be part of the final result. We also employ averaging to obtain the best "basis reconstruction," i.e., K o (r) or K avg (r), as the case may be; we then use this basis reconstruction for the above methods. As we have shown previously [2] , when multiple scattering is taken into account, several clusters which are "thin" in the optical direction and "wide" lateral to the optical axis, exhibit large areas where atomic peaks are missing. We found, in the course of this work, that some of these atomic peaks reappear when the cluster is displaced in a direction lateral to the optical direction. Multiplying the undisplaced K o (r) with these displaced reconstructions removed the recovered atomic peaks. Therefore, we averaged them instead, and used this average (hereafter K avg (r)) as the K o (r) required in the above techniques. The averaged reconstruction is usually filtered against K φ (r) and K xy (r). We prefer the multiplicative method because it is less costly computationally, but we present results for both the comparative and multiplicative methods.
Two-dimensional methods
There are two-dimensional analogues of the processes outlined above. The two-dimensional methods have the advantage of being able to show the structure of the peaks in a plane rather than just the locations. The comparative method in two dimensions also requires three distinct K(r). An outline of this method follows.
(1) We renormalize the reconstructions and filter for noise.
(2) Then the location of each peak or maxima is obtained and islands are assigned to each peak. One way to do this would be to assign every nonzero point in the K(r) to the peak nearest to it (see for example, ref. 4). We use a more complicated scheme in this work whereby everything contained within the valley immediately surrounding the peak is assigned to that peak's island.
(3) We calculate the minimum perimeter for the triangle of peaks (one from each reconstruction) associated with every peak in the basis reconstruction (i.e., either K o (r) or K avg (r)).
(4) The largest such perimeter is noted and the perimeters are renormalized to this value.
(5) If the perimeter is smaller than a given threshold, d n , then the undisplaced island is retained without further testing.
(6) If the triangle is larger than d n then we compare the signs of the partial derivatives (i.e., ∂|K(r)|/∂x and ∂|K(r)|/∂y) at corresponding points in the three reconstructions.
(7) If the signs match then a height comparison test is performed. A point which is not part of an island retained by perimeter threshold is retained only if the signs of both partial derivatives match in all three reconstructions and the ratio of the smallest point to the highest point is larger than the height comparison threshold (h t ).
(8) The points which survive either the "d n " test (i.e., step (5)), or the "height and slope" test (i.e., step (7)) constitute the final result.
The multiplicative and averaging methods in two dimensions are very similar to the three-dimensional methods outlined above except that the final result in the case of the two-dimensional multiplicative method consists of a surface showing the structure of K(r) rather than simply peak locations.
Results and discussion
In a previous paper [2] , we studied clusters that showed striking differences in the reconstructions obtained when multiple scattering is taken into account as compared to use of the single-scattering approximation. In the multiple-scattering case, the entire interior of the front plane of a bcc-type 8|9|8 cluster, and the central 32 Å × 32 Å of the back plane of a 14|13|14 bcc-type cluster, were missing. (The notation 8|9|8 indicates that the first and last planes consist of 8 × 8 square planar arrays of atoms, while the middle layer is a 9 × 9 square planar array.) In addition, the central plane of each cluster was dominated by spurious peaks originating from the atoms in the front and back planes. We demonstrate here a method for recovering the atomic structure of these missing or distorted planes.
In most of the results we present, we make use of some knowledge of the geometry of the cluster, especially for the larger clusters studied. For example, we assume that there is a regularity in the intraplanar atomic spacing and in the interplanar separation, without knowing the specific details. At the end of Sect. 5.1 below, we examine the extent to which our methods can discern the atomic structure of randomly distributed atoms. We will show that our methods are quite successful, and we indicate the present limits of these methods.
In Figs. 1-5 below, the electron energy is 185 eV, and partial waves are summed to L = 4 in each case; the corresponding phase shifts for l = 0, 1, 2, 3, 4, are, respectively, −0.6493, 1.227, 0.5388, 0.1793, and 0.0404 (see footnote 2). 1 . The locations of local maxima in |K(r)| in the volume around an 8 × 8 | 9 × 9 | 8 × 8 (8|9|8) bcc-type carbon cluster. Part (a) shows all such maxima, or "peaks", obtained from the reconstruction with the cluster on the optical axis, with t n ≥ 0.1. Note that there are more than three thousand peaks in the figure. Part (b) shows the peaks that remain after being scrutinized by the methods reported in this paper. Only atomic peaks, and a few spurious peaks, are retained in (b). The 8|9|8 atomic structure is manifest. The improvement in part (b) as compared to part (a) is striking. In part (b) we used t n = 0.30. Further discussion is given in the text. Fig. 2 . Shown are the reconstructions |K(r)| in the plane of the first 8 × 8 layer (i.e., at z = 1000 Å) for the 8|9|8 cluster of Fig. 1 . Part (a) is the reconstruction for the undisplaced, unrotated cluster. Note that the 8 × 8 atomic structure is completely absent. In drastic contrast, part (b) shows the reconstruction obtained after being scrutinized by the methods we have developed, as described in the text. Of special note is that t n ≡ 0 here. Even with multiple scattering taken into account, the 8 × 8 atomic structure is clearly and fully recovered. Again, the contrast between parts (a) and (b) is impressive. Further discussion is given in the text.
Results in three dimensions
We first present three-dimensional results for the 8|9|8 carbon cluster. The intraplane spacing, a, is 3.5 Å, and the interplanar spacing, d, is 4.5 Å. Figure 1a shows K o (r) before our methods are applied. The peaks with |K(r)| < 0.1 have been removed. Note that there are around 3000 peaks retained here. Figure 1b shows the result after filtering using the multiplicative method. In this case we have reduced the number of peaks to 229. Of these 229 peaks, 209 are atomic peaks, 10 are spurious peaks located Fig. 3 . Shown are the reconstructions |K(r)| in the plane of the 9 × 9 layer for the 8|9|8 cluster of Fig. 1. Part (a) is the reconstruction for the undisplaced, unrotated cluster. Note that there is a square planar structure evident in part (a). Looking closely, one sees however that the structure is definitely not a 9 × 9 structure. Part (b) shows the reconstruction obtained after combining holograms/reconstructions as described in the text. Again, t n ≡ 0 here. The 9 × 9 atomic structure is clearly and fully recovered. In this figure we see that even when some structure is evident in a reconstruction, such as part (a), our methods can establish the true atomic structure, part (b). Fig. 4 . Shown are the reconstructions |K(r)| in the plane of the back 14 × 14 layer (i.e., at z = 1009 Å) for the 14|13|14 bcc-type carbon cluster. Part (a) is the reconstruction for the undisplaced, unrotated cluster. Note that the 14 × 14 atomic structure is absent in the middle portion of the plane, showing up only around the edges. Part (b) shows the reconstruction obtained after being scrutinized as described in the text. Of special note again is that t n ≡ 0 here. Even with multiple scattering taken into account, the 14 × 14 atomic structure is clearly and fully recovered. Again, the difference between parts (a) and (b) is significant.
in front of or behind the cluster, and the remaining 10 are spurious peaks within the atomic planes. The 8|9|8 structure can clearly be seen and we regard this as a very successful reconstruction. Indeed, the difference between Figs. 1a and 1b is most striking. In the case of this cluster, the comparative method 5 . The reconstruction |K(r)| in the first 8 × 8 layer of the 8|9|8 cluster. This reconstruction was obtained by combining holograms/reconstructions, but using a 7 cm × 7 cm screen; in the previous four figures we used a 14 cm × 14 cm screen. Even though the 8 × 8 structure is not quite as sharp as in Fig. 2b , the true atomic structure is recovered, using a screen one-quarter the size of that in Fig. 2b . We used t n = 0.25. and the multiplicative method gave comparable results. We emphasize that while the peaks shown in the figure may not lie exactly in the proper locations, two-dimensional results show an exact match to the input cluster.
This result, Fig. 1b , required five separate holograms: 25 o ) ; the axis of rotation for K φ (r) was parallel to the y-axis through the point (0,0,1000 Å). K o (r) was averaged with K x (r) and K y (r) to give K avg (r). K avg (r) was multiplied with K xy (r) and K φ (r) to give the result presented in the figure. The methodology presented in earlier works [4, 5] , using only three holograms showed some improvement over the single reconstruction. However, it was found that five holograms are necessary for improvement in the case of multiple-scattering equivalent to that obtained for single scattering.
We also explored the 14|13|14 cluster. We found that these methods also give good improvement in this case. Three atomic planes are easily recovered with a little noise or a few spurious peaks found behind the cluster. There is, however, a spurious plane located two plane spacings in front of the cluster which exhibits a 13 × 13 structure in which, however, the peak heights are rather small, and with some peaks missing. We have had little success using two-dimensional methods to remove this plane. A similar spurious plane appeared in the 8|9|8 cluster during earlier attempts to reconstruct it. Application of the methods described above easily removed the spurious plane in the case of the 8|9|8 cluster, and we expect that further research will provide a method for removing the spurious plane from the 14|13|14 reconstruction as well. The reconstructions used to obtain our results are
We have also looked into extending our methods beyond the idealized bcc-type carbon clusters investigated thus far. For example, we have studied several non-bcc-type clusters, including a helical atomic arrangement and several random or amorphous structures. The central axis of a 25 atom spiral cluster was coincident with the optical axis. The radius of the spiral was 2 Å and lateral distance between atoms was 2.5 Å. The spiral advanced in steps of 1 Å in the z direction. The structure was completely recovered upon reconstruction using our methods, with five different reconstructions. All 25 atoms were located with only three spurious peaks remaining.
We also arranged for a member of our group to produce several amorphous structures and their associated holograms. The amorphous structures were held to the constraint that the number density should not exceed 1 atom per 45 Å 3 .
Another member of the group was able to completely reconstruct carbon clusters of 7 and 13 atoms, 17 atoms of a gold cluster containing 21 atoms, and was also able to identify 21 out of 29 gold atoms in a larger cluster. We emphasize that these results were obtained with almost no prior knowledge of the number of atoms in each cluster. The only information provided was a volume within which the cluster was contained, a range of the possible number of atoms (e.g., there are between 10 and 20 atoms), and the transformations used to obtain the five holograms (i.e., the magnitudes and directions of the displacements and rotations).
Results in two dimensions
We next present our two-dimensional x-y planar results from the bcc-type clusters. As noted before, almost the entire front atomic plane of the 8|9|8 cluster is missing in the unrotated and undisplaced reconstruction: see Fig. 2a . Our method, again using five holograms and the multiplicative method, is able to completely restore the atoms to their correct place. This is clearly illustrated in Fig. 2b . Again, the improvement in Fig. 2b as compared to Fig. 2a is most impressive. Note that the highest peaks in Fig. 2a are the outer edge atoms with some spurious peaks located outside of this square. We also emphasize that we use a noise threshold (t n ) of 0.0 in obtaining the reconstruction shown in Fig. 2b . The small spurious peaks shown are completely eliminated if we apply filtering with t n = 0.1.
The other two planes in this cluster show the same transition from either no or misplaced atomic peaks to correctly placed peaks, with an accompanying improvement in the surrounding background. We demonstrate this explicitly in Figs. 3a and 3b, which show this process for the central layer of the 8|9|8 cluster. Figure 3a shows, again, the unrotated and undisplaced reconstruction. Note that an atomic arrangement is fairly clearly shown but that this arrangement is not a 9 × 9 structure. Figure 3b shows that the correct 9 × 9 atomic arrangement is recovered completely. We also note that, again, our figure was produced with no noise filtering and that the remaining noise is easily removed with a low t n value.
The final layer of this cluster, in the undisplaced case, was clearly reconstructed without any of the filtering techniques. Application of our techniques leads to a reconstruction which is of a quality equal to that in Fig. 2b .
The atomic planes in the 14|13|14 cluster were also reconstructed. Similar flaws exist in the undisplaced reconstructions for this cluster as were reported previously for the 8|9|8 cluster. We, again, were able to restore all of the missing atoms except one from the front plane and correct the placement and number of atomic peaks in the second layer. In this case the original second layer reconstruction showed a 14 × 14 square planar array of atoms instead of the actual 13 × 13 array. After filtering, it is clear that the second layer in this cluster is a 13 × 13 square planar array.
We have shown previously [2] that the back plane of this cluster is missing a 32 Å × 32 Å square from the 14 × 14 atom array (see Fig. 4a ). In Fig. 4b we again demonstrate that the missing atoms are easily recovered upon application of the methods outlined above. Once again the improved reconstruction is very good.
We have also used the two-dimensional comparative method, and in all but one case the results were the same as those obtained with multiplicative techniques. The only exception involved the last plane of the 14|13|14 cluster, where one peak was substantially smaller than the other atomic peaks and thus is not necessarily identifiable as an atomic peak.
Effects of smaller screen size
In an effort to find the limits to this technique we reconstructed holograms of the 8|9|8 cluster obtained with several screen sizes. Our results with a 10 cm × 10 cm screen show some degradation in quality compared to the 14 cm screen, especially with the center layer. The interatomic spurious peaks are larger relative to those presented above in the first and second layers. The last layer is of comparable quality to that obtained from the larger screen. In all, use of a 10 cm × 10 cm screen gives relatively high-quality reconstruction using the methods we have described.
The 7 cm × 7 cm screen also shows good results for the first and last layers. We show the final result, after filtering, for the first atomic layer in Fig. 5 . Note that the 8 × 8 structure can be seen easily. The spurious interatomic peaks, while somewhat larger and more numerous than in Fig. 2b , are readily distinguished from the more prominent atomic peaks. The central layer was not recovered using this screen size and shows an 8 × 8 square planar array instead of the correct 9 × 9 structure. The back layer is of slightly better quality than that shown in Fig. 5 . We emphasize that this result was obtained from a screen which has one-quarter the area of the screen size one usually requires for theoretical LEEPS studies.
We reconstructed planar cuts through this cluster from a 5 cm × 5 cm hologram with little success. We are nevertheless encouraged by the degree of observed structure in the filtered reconstructions and by the fact that many of the peaks which are found are located in the appropriate positions for the 8 × 8 array. The central layer also exhibits a slight 8 × 8 structure. We believe that further research offers hope for successful reconstruction from a hologram of this small size.
We obtained a similar result when we attempted to implement our 5-hologram method using the "composite" scheme reported in ref. 6 . Using a 7 cm × 7 cm screen, although only a limited degree of structure was found, the peaks that were resolved were located at atomic sites. This again offers hope that further work along these lines may prove fruitful.
Summary and conclusion
We have applied methods of comparing the three-dimensional structures of different reconstructions to extract the atomic structure when multiple scattering is taken into account. We have shown that the methods we developed previously and used successfully for the case of single scattering are also useful when multiple scattering must be taken into account. We have also developed additional methods for multiple scattering that were not required previously for single scattering.
These methods of combining reconstructions have been used to extract 209 true atomic sites out of over 3000 possible sites, as in Fig. 1 . The methods are successful in establishing the true structure of an atomic cluster in cases where just one hologram either reveals no atomic structure (Fig. 2) , partial atomic structure (Fig. 4) , and even when a single hologram reveals structure that is not the true atomic structure (Fig. 3) .
We have also shown that the methods work for spiral structures as well as for amorphous aggregates. An initial thrust toward extending these methods to be useful for smaller screen sizes has also been included (Fig. 5) .
Of note is that all of these results are for cases where, as we have shown in previous work, multiple scattering must be taken into account.
In this paper, we have shown that even when multiple scattering is important, our methods of combining reconstructions allows one to extract the true atomic character of the object/cluster.
Further investigation into application of these methods for smaller screen sizes is important and initial results are encouraging.
